Capture-recapture methods are used to estimate the incidence of a disease, using a multiple-source registry. Usually, log-linear methods are used to estimate population size, assuming that not all sources of notification are dependent. Where there are categorical covariates, a stratified analysis can be performed. The multinomial logit model has occasionally been used. In this paper, the authors compare log-linear and logit models with and without covariates, and use simulated data to compare estimates from different models. The crude estimate of population size is biased when the sources are not independent. Analyses adjusting for covariates produce less biased estimates. In the absence of covariates, or where all covariates are categorical, the log-linear model and the logit model are equivalent. The log-linear model cannot include continuous variables. To minimize potential bias in estimating incidence, covariates should be included in the design and analysis of multiple-source disease registries. Am J Epidemiol 1999; 149:392-400.
Two recent reviews of capture-recapture meuiods in epidemiology have emphasized the use of log-linear models (using Poisson regression) to investigate die relations between die sources used and die number of people "captured" (6, 7) . This meuiod makes two major and related assumptions about die probability of capture. Firstly, it is assumed diat die capture probabilities for different notification sources are not all dependent. Thus, if tiiere are only two sources, tiiey are assumed to be independent. Applying standard capture-recapture metiiods to two dependent sources has been shown algebraically to underestimate the population size if die two sources are positively dependent, and to overestimate the population size in die case of negative dependence (8) . Secondly, die probability of capture by a given source is assumed to be the same for each individual in die population.
These assumptions are violated when die probabilities of capture depend on covariates, such as severity of disease or age. One proposed solution using loglinear models is to stratify die data according to die covariate(s), estimate the total number of cases for each stratum, and tiien combine tiiese estimates (6) . Where covariate information is not available and tiiere are more man two sources, multiple different twosource estimates can be made, considering each source against all of die otiiers pooled (9) .
An alternative approach, one taken by Alho (10) , is to use a multinomial logit model to relate die characteristics of persons captured to tiieir probability of being captured by each source. The probabilities of capture by die different sources are obtained by conditioning on Capture-Recapture Models Including Covariate Effects 393 being captured at least once. The resulting parameter estimates can be used to estimate the proportion of the population missed, assuming that the population has the same covariate distribution as the sample. Huggins (11) independently suggested a similar approach to the problem. Sanathanan (12) showed that this conditional estimate is asymptotically equivalent to the maximum likelihood estimator (based on the complete data, including the unobserved individuals) of the true population size.
METHODS
In this paper, we consider the problem of estimating the size of a closed population using two sources of notification (a single capture and recapture). We describe the use of logit models (based on the multinomial sampling scheme) and log-linear models (based on the Poisson sampling scheme) to estimate the population size. Each of these may be implemented using standard statistical software. We then extend the multinomial logit model to include the effect of individual-level covariates, and show that an equivalent log-linear model cannot be fitted when one of the covariates is continuous. Simulated data are used to compare estimates of population size derived from the different modeling approaches under varying conditions. We use bootstrap methods to obtain the 95 percent confidence intervals for the population size using each method, and compare their coverage. All computations were performed using Stata software (13) .
We use the indicator variable q t to define whether the individual i is captured by no sources (q = 0), by source 1 only (<? ( = 1), by source 2 only (q t '= 2), or by both sources (^ = 3). Following the approaches of Alho (10) and Huggins (11), we condition on the observed individuals {q * 0) to estimate the model parameters, and then use the model parameters to estimate the population size. We use p to represent the probability that q t = j, conditional on the individual's being observed. We assume that the p t 's are identical for each individual i, and so we represent p. by p. Thus, * Pi = probability (in source 1 only) probability (observed) n t (i -n 2 )
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Two sources, no covariates
The capture-recapture problem with two sources can be set out as in table 1, where x is the unknown number of missed cases.
The probabilities of being captured by source 1 (II,) and source 2 (FI 2 ) are assumed to be independent and identical for each individual. We write / ( and l 2 for the logit of the probabilities of capture by source 1 and source 2, respectively. Assuming that the probabilities of capture by each source are independent, the probability of being missed by both sources is given by n = (i --n 2 ) = PT, = e 1 ' + <h + For a given contingency table, the likelihood following from the Poisson sampling scheme is proportional to the likelihood following from the multinomial sampling scheme (14) . The log-likelihood for the multinomial model can be expressed as and that for the Poisson model as which is equivalent to die multinomial log-likelihood plus die Poisson log-likelihood for the total number of people captured.
Because the logit model estimates only die ratio of die probabilities, whereas die log-linear model estimates die actual probabilities, tiiere is no analogue for a, in die logit model. The constraint diat p { + p 2 + p 3 = 1 means mat a, must satisfy a! = -log[l + e" 2 + e°3]. An alternative parameterization of die log-linear model would be to fit the model witii no constant term, by estimating The parameter a, = log(p ( ) can then be estimated using the constraint p, + p 2 + p 3 = 1. This alternative parameterization of the model leads to the same estimates of p v p 2 , and p v and thus to the same estimate of the number of missing cases. However, the parameterization described in equations 1 and 2 emphasizes the fact that the logit model and the log-linear model lead to identical parameter estimates and thus to identical estimates of the number of cases missed.
Comparison of the logit and log-linear models. The log-likelihood from the Poisson log-linear model is equivalent to that obtained from the multinomial logit model plus the Poisson log-likelihood for the total number of cases captured. Thus, as shown above, the two models can be parameterized to give the same parameter estimates and standard errors. The Poisson model gives rise to an extra parameter. Both models can be fitted using standard statistical software.
Example 1. A data set consisting of 5,000 cases was generated, with capture probabilities (Fl 1 and F^) given by logit n, = 0.5, n, = 0.622; logit n 2 = l,n 2 = 0.731.
The true parameter values for the log-linear and multinomial logit models are therefore 0.5 (o^ and (5 2 ) and 1 (a 3 and P 3 ). For the log-linear model, the true value of a, is-1.68.
For these simulated data, the number of cases captured by each combination of sources is shown in table 2. Fitting a log-linear model to the observed cell counts of table 2 gives the following parameter estimates and 95 percent confidence intervals (95% CIs): The estimated number of cases missed is 517. The parameter estimates for each model are close to their true values.
Two dependent sources
We now assume that we have a covariate vector x for individual /. The probability of capture of individual i by source 1 and source 2 is given by U u and Fl^, respectively. We assume that these probabilities are independent. The capture probabilities are related to the covariate vector by the parameters / _ and parameter vectors fc, such that
The probability (Ff^) of individual i being missed is then given by
[(1
We define the indicator variable q t as before. The probabilities p u of individual i falling into category j are related to the parameters /, and parameter vectors it by Logit model. The multinomial logit model extends naturally to include covariate effects. The systematic part can be represented using the parameters (3 y and the vectors of parameters 8y, such that As before, this model is identified by setting one set of parameters to zero. We reparameterize the model such that
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Sincep n + p a + p n = 1, we find We then assume that the probabilities of capture by each source are independent for each 1, and thus estimate the probability of being missed (p w ) for individual i with covariate x r Using the subscript Ic to denote the logit model including the covariate effect, we estimate the total population size by The multinomial logit model can be parameterized and used in this way to estimate the population size regardless of whether the covariates are continuous or categorical.
Log-linear model. The systematic part of the loglinear model can be represented using parameters a and the vector of parameters y, such that log(p M ) = (4) log(py) = a y + a, + (yj + 7,)*,, / = 2, 3. (5) Where the covariates are categorical, a log-linear model equivalent to the logit model described above can be fitted (15) . This is done by including the interaction between the variable (^() and each categorical covariate, together with the fullest interaction term among the covariates. This is equivalent to augmenting the covariate vector x { with dummy variables. For each individual, one component of this vector is equal to 1 (corresponding to the overall category within which the individual falls), with the rest being zero. The parameters a and the vector of parameters y then correspond to the parameters P y and the vector of parameters 8, such that This model is equivalent to the usual approach of stratifying by the categorical covariate. The estimate of population size derived from this model is identical to that derived from the logit model. As in the logit model, the assumption used is that the sources are independent given the level of the covariate.
Again, there is no analogue for a, or y, in the logit model. As before, the constraint that p n + p n + p a = 1 means that a, and y { can be calculated from the other parameters. As in the simple case, an alternative parameterization of the model omitting a, and y, is possible and leads to the same estimates as the parameterization given by equations 4 and 5. Including a, and y, shows more clearly the relation between the logit model and the log-linear model.
When there are continuous covariates, a log-linear model equivalent to the logit model cannot be directly fitted (16) . Consider the log-linear model described in terms of coefficients a and y above. It is not possible to express the probability p n (equation 3) in the log-linear systematic form (equation 4). This is because the denominator of p n contains the sum of terms in the exponential of x i (equation 3). The log of p n cannot be decomposed into a term which is linear in x, as required by the parameterization of the log-linear model (equation 4) . Because log(p, 7 ) = P, + 8y r *,-+ log(p,,), ; = 2, 3, the probabilities p a and p B can be estimated by using p n as an offset in a log-linear model, once p n is known. Thus, the estimates of the parameters (3 ; and the vector of parameters 5. from the log-linear model with offset p n and the logit model will be identical. However, the standard errors for the parameter estimates from the log-linear model with offset p n will be underestimated because the model treats p. t as known.
Comparison of the logit and log-linear models.
Where there are categorical covariates, these can be included in either a Poisson log-linear model or a multinomial logit model. The two models can be parameterized to give the same parameter estimates and standard errors, with an extra parameter for each level of the categorical covariate in the Poisson model. Where there are several categorical covariates, this can lead to a large number of extra parameters' being estimated when using the log-linear model. In this case, fitting the logit model directly would be computationally preferable.
Continuous covariates can be included in a multinomial logit model but not in an equivalent Poisson loglinear model. The only way to include such variables in a Poisson log-linear model would be to treat each level as a separate category, which would lead to the estimation of a large number of parameters and so to a maximum likelihood estimate which may be inconsistent or biased (16) .
Example 2. As in the previous example, a data set of 5,000 cases was generated, but in addition, for each case, a single continuous covariate x t was randomly drawn from the standard normal distribution. The probabilities of being captured by source 1 (TLJ and source 2 (TI^) were logit II,,-= 0.5 + 0.4c,;
The true values of the parameters are P 2 = h ~ h = 0-5; P 3 = h = 1; 8 2 = *2 -Jfc, = -0.7;
The number of cases registered by each combination of sources, together with the mean and standard deviation of the covariate, are shown in table 3. The mean of the covariate is higher for those not captured by source 1 than for those captured by source 1, with the opposite relation holding between the covariate mean and capture by source 2. When the logit model including the covariate effect was fitted to the observed cell probabilities, the parameter estimates and 95 percent confidence intervals were Each of these parameter estimates is close to its true value. Using this multinomial logit model, it is estimated that 482 cases were missed by the registry.
As discussed above, a log-linear model could not be fitted directly.
Simulations
The effect of dependence of capture probabilities on a covariate under each of the models was examined using simulated data sets. For each data set, 500 cases were generated, and for each case a single covariate x was randomly drawn from the standard normal distribution. Five hundred cases were chosen as an approximation of the size of the sample likely in many epidemiologic situations-large enough so that random variation will not completely dominate the results, but small enough for variation in the estimators to have an important effect on the estimate of the population size. The probabilities of being captured by source 1 (TIJ and source 2 (TL^) were generated according to logit n u = 0.5 + Ax,; logit Ila = 1 + JC, -.
Five different situations were simulated, with A taking the values -1, -0.5, 0, 0.5, and 1. Each situation was simulated 100 times. For each data set, the population size was estimated using the crude logit model without including the covariate and the logit model adjusting for the continuous covariate. A categorical covariate was then derived by dividing the continuous covariate into quartiles. The population size was then estimated using a logit model including this categorical covariate. Bootstrap methods (with 500 replications) were used to derive 95 percent confidence intervals for each of the estimates of population size. We drew a sample of size N (with replacement) from the data set of N subjects and estimated the population size using each of the three methods for that replication. This was repeated for each of the 500 replications, and the standard deviation was calculated as the Table 4 shows the mean estimates of population size, the mean estimates of the standard deviation, and the coverage of the nominal 95 percent confidence intervals (i.e., the proportion of the calculated confidence intervals including the true population size) obtained from the crude model (with no covariates). Where the two sources were independent (A = 0), the mean estimate from this crude model (500.1) was very close to the true population size (500). In this case, the coverage of the nominal 95 percent confidence intervals was 85 percent. However, once dependence between the sources was introduced, the crude model produced biased estimates.
The mean estimates of population size, the mean estimates of the standard deviation, and the coverage of the nominal 95 percent confidence intervals obtained from the logit model including the continuous covanate and the logit model including the categorical covariate are also shown in table 4. Each of these models produced less biased estimates of population size than the crude model, except where the sources were independent. In the independent case, the bias of the estimates obtained from either model including the covariate was small. The estimates obtained from these two models were similar, although the estimates obtained from the model including the continuous covariate seemed to be marginally less biased than those obtained from the stratified analysis when there was negative dependence between the sources, and more biased when there was positive dependence.
The overall coverage proportions of the bootstrap confidence intervals for each model (i.e., the proportion of confidence intervals containing the true number of cases missed) were consistently lower than the nominal value of 95 percent, even in the case of independence (A = 0). The coverage of confidence intervals from the logit model including the continuous covariate was higher than that of confidence intervals from the stratified analysis in four of the five situations simulated, even when the estimate of the population size was more biased.
DISCUSSION
For capture-recapture data without covariates, the usual log-linear model is equivalent to the logit model. Thus, either approach can be used in this case. The crude estimate of the population size can be seriously biased when there is dependence between the two sources. It is therefore necessary to examine the association of capture probability with measured covariates, and to include such covariates in capture-recapture analyses.
Both the log-linear model and the logit model can be extended to include the effects of categorical covariates. However, the need to include interaction terms and baseline probabilities means that this is more complicated for the log-linear model. For instance, with two covariates with four categories each, the logit model has 14 parameters, whereas the equivalent loglinear model has 30. While the logit model can include the effect of continuous covariates (10) , there is no equivalent log-linear model.
In simulations, including covariate effects in capture-recapture models reduced the bias in the estimates of population size in comparison with the crude model. It appeared that the estimate from the model with the continuous covariate increased as the sources became more positively dependent, whereas that from the stratified model decreased, although the differences were relatively small. There was no significant trend in coverage of the confidence intervals with increasing dependence of the sources for either model. These results taken alone would seem to imply that the continuous method is least biased for sources with negative dependence and the stratified method is least biased for sources with positive dependence, although this needs further study. An idea of the direction of dependence on a given covariate can be obtained from a table showing the mean of the covariate for each combination of sources (table 3) .
Bootstrap methods can be used to derive confidence intervals for the population size. However, in our simulations, the coverage of such confidence intervals was consistently lower than the nominal coverage of 95 percent. Such confidence intervals must therefore be interpreted with caution.
If there is a relation between covariates and the probability of capture, the distribution of the covariates will not be the same in the persons observed as in the entire population. This can be clearly seen in table 3, where the covariate distribution varies between those captured by source 1 only, those captured by source 2 only, those captured by both sources, and those not observed. Analyses (for instance, calculation of age-standardized incidence rates) based on the distribution of these covariates in the observed population might be biased. There is potential for using models including the covariates to estimate the distribution of the covariates in the population. Information about the relation between the capture probabilities and the covariates can also be used to target future registries. For example, if the probability of capture were inversely related to disease severity, an additional source specific to severely diseased people could be sought.
Multinomial logit models have not been used frequently in capture-recapture problems. One such application was estimation of the population size from the 1990 Post-Enumeration Survey in the United States (17) . In addition to estimating the size of the population, the estimated probabilities of enumeration from the final logit model were used to identify "hardto-enumerate" individuals. This showed the feasibility of applying the logit regression method including covariates to large samples, and that further information was available from the estimated probabilities of capture.
Models including covariates can only account for observable variability in capture probabilities. If there is dependence between sources which is not explained by observed covariates, the estimates resulting from the logit model will still be biased. A practical example concerns breast cancer notification by clinicians and by death certificates (8) . Positive dependence between the two sources was suspected, due to more extensive contacts between clinicians and patients with more serious disease, who then went on to die. Where there are three or more sources, dependence between lists can be estimated. In such cases, one suggested approach is to combine those lists which show dependence (6) and then apply capture-recapture methods to the resulting aggregated sources.
Where there are three or more sources of notification and the covariates relating to the capture probabilities are not available, alternative models are available. These include a version of the Rasch model for the three-source problem, which has also been applied to the Post-Enumeration Survey in the United States (18) . The model used has been shown to be equivalent to a quasi-symmetric log-linear model (19) . It has been suggested (18) that when three or more sources are available, the analyst should stratify on the observable covariates associated with the capture probabilities and then use such a model within each stratum, to accommodate the unexplainable heterogeneity of capture probabilities. Thus, the use of the logit model including observable covariates is particularly important when there are only two sources of notification.
The performance of the population size estimates based on the logit model and the stratified model in practical situations has been little explored. In particular, the behavior of the estimates when the conditions shown by Alho (10) to imply the consistency and asymptotic normality of the maximum likelihood estimate (including the condition that both very small and very large probabilities of capture should be rare) are not met has not been examined. Practical examination of capture-recapture models including covariate 400 Tilling and Sterne effects, particularly where an independent estimate of the population size is available, is needed.
Failure to control for the effect of covariates associated with capture in the analysis can lead to biased estimates of the population size. Thus, potential covariates should be included in both the design of and the analysis of multiple-source disease registries. This will enable capture-recapture methods to be used more effectively in providing accurate estimates of registry coverage and incidence and prevalence of disease.
